Abstract. Assume X is a variety over C, A ⊆ C is a finitely generated Zalgebra and X A a model of X (i.e. X A × A C ∼ = X). Assuming the weak ordinarity conjecture we show that there is a dense set S ⊆ Spec A such that for every closed point s of S the reduction of the maximal non-lc ideal filtration J (X, ∆, a λ ) coincides with the non-F -pure ideal filtration σ(Xs, ∆s, a λ s ) provided that (X, ∆) is klt or if (X, ∆) is log canonical, a is principal and the non-klt locus is contained in a.
Introduction
It has been known for several decades that there are close connections between singularities arising from the minimal model program in birational geometry over C and so-called F -singularities in characteristic p > 0 which arose from tight closure theory. To state this relationship recall the following notion: Given any variety X over a field k of characteristic zero and a finitely generated Z-algebra A ⊆ k we call a variety Y over Spec A a model of X if the base change of the generic fiber Y 0 × Spec A Spec k is isomorphic to X.
For instance, it is known that Kawamata log terminal singularities (klt singularities for short) relate to F -regular singularities in the following way ( [HW02] , [Har98] ): A Q-Gorenstein variety X over C has klt singularities if only if for every model of X there is a dense open set U of Spec A such that for all closed points u ∈ U the fiber X u has F -regular singularities.
Several years ago, Mustaţă and Srinivas ( [MS11] ) and Mustaţă ([Mus12] ) have shown that a similar relation between multiplier ideals, characteristic zero objects which, in particular, may be used to define the notion of klt singularities, and test ideals, characteristic p > 0 objects which can be used to define the notion of Fregularity, is true if and only if a certain natural conjecture concerning Frobenius actions on cohomology holds. Let us recall this conjecture: Conjecture 1. Let X be an n-dimensional smooth projective variety over a field k of characteristic zero. Given a model of X over a finitely generated Z-subalgebra A of k, there exists a Zariski-dense set of closed points S ⊆ Spec A such that the action of Frobenius on H n (X s , O Xs ) is bijective for all s ∈ S.
Conjecture 2. Let X be a normal variety over a field k of characteristic zero. Suppose that ∆ is a Q-divisor such that K X + ∆ is Q-Cartier and a is a non zero ideal sheaf in O X . Given a model of (X, ∆, a) over a finitely generated Z-algebra A ⊆ k there exists a dense set of closed points S ⊆ Spec A such that
(1) τ (X s , ∆ s , a λ s ) = J (X, ∆, a λ ) s for all s ∈ S and all λ ≥ 0, where τ (X s , ∆ s , a λ ) denotes the test ideal associated to X s , ∆ s , a s , λ and similarly J (X, ∆, a λ ) denotes the multiplier ideal sheaf associate to X, ∆, a, λ. Furthermore, if we have finitely many triples (X i , ∆ i , a i ) as above and corresponding models over Spec A, then there is a dense subset of closed points in Spec A such that (1) holds for all these triples.
We note that the point here is to allow λ to be arbitrary. Namely, it is known that for fixed λ there is an open set of closed points of Spec A such that (1) holds (cf. [BST16, Proposition 2.11] and references given therein).
Another important class of singularities in characteristic zero are so-called log canonical singularities. These relate to so-called F -pure singularities in the following way: If X is a Q-Gorenstein variety over C with a model X A such that infinitely many reductions X s are F -pure then X is log canonical (see [HW02] ).
The converse to this is open. However, Takagi has shown ([Tak13, Theorem 2.11]) that assuming Conjecture 1 if X is Q-Gorenstein and log canonical, then given any model over Spec A there is a dense set of closed points S such that X s is F -pure for all s ∈ S.
In their paper, Bhatt, Takagi and Schwede raise the following question ([BST16, Question 5.6]): Does Conjecture 1 imply a similar result concerning the reduction of non-lc ideals J (X, ∆, a λ ) and non-F -pure ideals σ(X s , ∆ s , a λ s )? The notion of non-lc ideal relates to log canonical singularities roughly in the same way that multiplier ideals relate to klt singularities. The same is true for non-F -pure ideals and F -pure singularities.
The goal of this note is to answer [BST16, Question 5.6] in the following cases:
Theorem. 
is log canonical, a is principal and the non-klt locus of X is contained in a. Then given any model of (X, ∆, a) over a finitely generated Z-subalgebra A of k there exists a dense set of closed points S of Spec A such that for all λ ≥ 0 and all
In fact, for part (b) the condition that (X, ∆) is log canonical is only needed to ensure equality in the case λ = 0. If we only care about λ > 0 then we may drop this extra assumption.
Let us now give a brief summary of the contents of this paper. In Section 1 we explain the notion of non-F -pure ideal and recall several technical results from [Stä17a] that we shall need. Section 2 proves some further properties of non-Fpure ideals that are tailored to the situation of a triple (R, ∆, f λ ). In Section 3 we recall the notion on maximal non-lc ideals, and prove the above theorem after some preliminary work. 
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Note that R is a left C R -module. Given any graded subring D of C R we may consider R as a left D-module and denote this by (R, D). If D is generated by a single element κ then we will also simply write (R, κ).
1.2. Definition. Given an F -finite ring R and a graded subring D of C R we write
This is well-defined by a result of Blickle ([Bli13, Proposition 2.13]). We now specialize to the main case of interest for us:
1.3. Definition. Fix an F -finite ring R, an ideal a ⊆ R, a map κ ∈ Hom R (F e * R, R) and a non-negative rational number λ. We define the non-F -pure ideal (with respect to κ, a and λ) as
where D is the N-graded subring of C R generated in degree ae by κ a a
If a is principal we also simply write σ(R, κ, f λ ).
The following is the main example we will consider.
1.4. Example. If R is a normal F -finite domain and ∆ is an effective Q-divisor such that (p e − 1)(K Spec R + ∆) is Cartier, then by [Sch09, Theorems 3.11, 3.13 and discussion thereafter] we may associate to ∆ a map κ ∈ Hom R (F e * R, R). We may therefore also associate a non-F -pure ideal to a triple (R, ∆, a λ ), where ∆ is as above and denote this by
One may also attach a Cartier algebra without the assumption that K Spec R + ∆ is Q-Cartier with index not divisible by p. In the end, our applications will reduce to situations as in the example above.
We remark that the construction of non F -pure ideals commutes with localization. Hence, we may globalize this notion for F -finite schemes:
1.5. Definition. Let X be an F -finite scheme, κ ∈ Hom R (F e * O X , O X ) a non-zero map and a an ideal sheaf. Then we define σ(X, κ, a λ ) by gluing σ(U i , κ| Ui , a λ ), where U i = Spec A i are an open affine cover. In particular, this also yields a notion of σ(X, ∆, a λ ) for an effective Q-divisor such that K X + ∆ is Q-Cartier with index not divisible by p.
We recall the notion of test ideal.
1.6. Definition. Let R be a normal ring essentially of finite type over an F -finite field and write X = Spec R. Let a be an ideal, λ ≥ 0 a rational number and ∆ an effective Q-divisor such that (p a − 1)(K X + ∆) is Cartier (i.e. K X + ∆ is Q-Cartier with index not divisible by p). Denote the map corresponding to ∆ by κ. Then we define the test ideal τ (X, ∆, a λ )
as the smallest non-zero ideal J ⊆ R such that
We will also write τ (X, κ,
It is not hard to verify that the construction of test ideals commutes with localization. Therefore we may define τ for a normal F -finite scheme X via gluing.
In the following we group together results about non-F -pure ideals. For an
1.7. Proposition. Let R be a normal ring essentially of finite type over an F -finite field, f ∈ R and κ ∈ C R . Fix a rational number 
. In other words, we may pass to any Veronese to compute non-F -pure ideals. (iii) If b is not divisible by
Proof. We denote the map to which ∆ corresponds by κ ∈ Hom R (F . Let R be a normal domain and ∆ an effective Q-divisor on Spec R. We say that the pair (R, ∆) is divisorially F -regular if for all c not contained in any minimal prime of R(− ∆ ) there is e ≥ 1 and
Recall that divisorially F -regular implies F -pure (see [HW02, Proposition 2.2 (1)]). Also note that this class of singularities, despite its name, is a characteristic p version of purely log terminal singularities (see [HW02] , [Tak08] ).
We also have an analog of Proposition 1.7 (v) for the divisorially F -regular case if we assume that ∆ is Q-Cartier. If ∆ is not Q-Cartier, then we have to deal with the mixed non-F -pure ideal σ(R, f λ , R(−∆) ε ), where R(−∆) is (even locally) a non-principal ideal. This is a situation we do not know how to handle at present. 
Proof. Working locally we may assume that n∆ = V (g) for some n > 0, such that (p e − 1) 1 n ∈ N, and g ∈ R. Similarly we may assume that K Spec R and (p e − 1)(K Spec R + ∆) are also free. If we denote the generator of Hom R (F * R, R) by κ, then the map corresponding to (p e − 1)(K Spec R + ∆) is given by κ e g (p e −1) 1 n . The assertion is now that if we endow R with the Cartier structure given by κ e , then σ(R, g 
. For the second statement note again that by Proposition 1.7 (iv) we obtain σ(R, ∆, f λ ) = σ(R, ∆, f λ+ε ) for all 0 < ε 1 and by the previous argument this coincides with τ (R, (1 − ε )∆, f λ+ε−ε ) for some 0 < ε 1.
maximal non-lc ideals and non-F -pure ideals
The goal of this section is to prove that the weak ordinarity conjecture (Conjecture 1 from the introduction) implies another conjecture that claims that (given any model) the reduction of maximal non-lc ideals coincides with non-F -pure ideals on a dense set (Conjecture 3.9 below).
We recall the definition of maximal non-lc ideal sheaves and multiplier ideal sheaves. Given an effective divisor D we write k D = E i , where the E i are the prime divisors which occur with multiplicity exactly k in D.
By a variety we mean a separated integral scheme of finite type over a field. Unless explicitly stated to the contrary we will from now on work over a field k of characteristic zero.
3.1. Definition. Let X be a normal variety and ∆ an effective Q-divisor such that K X + ∆ is Q-Cartier and let a be an ideal sheaf. Let f : Y → X be a resolution such that
Then we define the maximal non-lc ideal sheaf (associated to ∆ and a c ), as
Similarly, we define the multiplier ideal sheaf as
Given a birational morphism f : Y → X we denote the strict transform of a divisor D on X by f −1 * D. 3.2. Definition. Let X be a normal variety and ∆ an effective Q-divisor such that By abuse of notation we will say that an ideal a contains the non-klt locus if J (X, ∆) ⊆ a. (e) We define the non plt-locus of (X, ∆) as the closed subscheme
, that is, we throw away the non-exceptional parts of ∆ Y . By abuse of notation we will say that an ideal a contains the non-
is contained in the non-klt locus.
3.3. Lemma. Let X be a normal variety, ∆ an effective Q-Weil divisor such that K X + ∆ is Q-Cartier, a an ideal sheaf and λ ∈ Q ≥0 . If f : Y → X is a log resolution of (X, ∆, a), then for all 0 < ε 1 3.4. Proposition. Let X be a normal variety, ∆ an effective Q-Weil divisor such that K X + ∆ is Q-Cartier, a an ideal sheaf and λ ∈ Q >0 . Assume that a contains the non-plt locus of (X, ∆). Then
Proof. Fix a log resolution f : Y → X of (X, ∆, a, O(−∆)) and fix a representative of K X . We will assume that K Y and f * K X restricted to the regular locus coincide.
where the E are exceptional divisors.
Now we want to argue that
where the last equality is due to Lemma 3.3.
, where U is the non-exceptional locus of f , we may write G := i a i G i = f −1 * ∆ + Exceptional divisors. Since G and ∆ are effective the exceptional part is also effective.
Write
and note that its non-exceptional part is negative (by choosing 0 < ε 1 small enough). Similarly, we write
First we assert that the non-exceptional parts of A and B coincide. Indeed, if we denote the non-exceptional part of F by F ne , then the non-exceptional part of A is given by −f 
It now follows that
3.6. Corollary. Let X be a normal variety, ∆ an effective Q-Weil divisor such that K X + ∆ is Q-Cartier, a an ideal sheaf and λ ∈ Q >0 . Assume that a contains the non-klt locus of (X, ∆). Then
Proof. This is similar to Proposition 3.4. Write
Note that the non-exceptional part of A is negative. First we show that the non-exceptional parts of A and B coincide. If a prime divisor P occuring in the non-exceptional part of A also occurs in F ne then it is already perturbed by εF ne and the expressions coincide. If P doesn't occur in F ne , then by our assumption the coefficient a of P in −f −1 * ∆ satisfies a = 0. But then also aP − εaP = 0 which is the corresponding component in B.
The fact that the negative exceptional parts of A and B coincide follows just as in Proposition 3.4. The addendum follows similarly.
Corollary. With the assumptions of Proposition 3.4 the filtration J (X, ∆, a t ) for t > 0 is discrete, left-continuous and if m is the minimal number of generators of a, then for t > m we have
Proof. These properties follow from the corresponding properties for multiplier ideals.
3.8. Lemma. Let X be a normal variety and ∆ an effective Q-divisor such that
Recall that given a variety X over a field k containing Q a model of X over a finitely generated Z-algebra A is a vartiety X A over Spec A such that X A × k ∼ = X. 3.9. Conjecture. Let X be a normal projective variety over a field k of characteristic zero, ∆ an effective Q-divisor such that K X + ∆ is Q-Cartier and a an ideal sheaf in O X . Given any model of (X, ∆, a) over a finitely generated Z-subalgebra A of k there exists a dense set of closed points S of Spec A such that for all λ ≥ 0 and all s ∈ S one has
We have the following 3.10. Theorem. Conjecture 1 implies Conjecture 3.9 under the assumption that (X, ∆) is klt or if a = (f ) is principal, (X, ∆) is log canonical and the non-klt locus is contained in (f ).
Proof. In proving Conjecture 3.9 we may look at an open affine cover of X and show the assertion for the restrictions to the covering. Hence, we may assume that X is affine. Excluding finitely many points s ∈ S we may also assume that the index of ∆ is coprime to the characteristic p(s) of the residue field k(s). Next, we want to reduce to the case of a principal ideal a = (f 
s for all λ ≥ 0 and all s ∈ S, where S is some dense set of primes.
Let us now assume that (X, ∆) is klt. Then since τ (X s , ∆ s ) = J (X, ∆) s = O Xs the pair (X s , ∆ s ) is F -regular for all s ∈ S. In particular, (X, ∆) is F -pure so that σ(X s , ∆ s ) = O Xs and J (X, ∆) = O X (using Corollary 3.6). Thus we get the desired equality for λ = 0.
Assume now that λ > 0. By Lemma 2.1 and Proposition 1.7 (v) we have
Taking reductions along closed points thus shows that σ(X s , ∆, f λ s ) = J (X, ∆, f λ ) s whenever the denominator of λ is not divisible by p(s).
So assume now that the denominator is divisible by p(s). Fix 0 < ε 1. For all 0 < δ ≤ ε there are only finitely many primes dividing denominators of λ for which
. We exclude these finitely many primes from S. By left-continuity of J (Corollary 3.7) we have J (X, ∆,
) for all 0 < δ ε such that the denominator of λ − δ is coprime to p(s). Now we use Proposition 1.7 (iv) which asserts that σ(
In particular, we may choose a 0 < δ ε such that the denominators of λ + δ and λ − δ are not divisible by p(s). Then putting the above observations together we have
).
It follows that we must have 3.11. Remark. Our proof actually shows that for arbitrary normal X, if the nonklt locus of (X, ∆) is contained in a = (f ) then for any λ > 0 and all s ∈ S we have an equality 
